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Abstract. This paper presents a simple computation — a multiplication of two two-bit numbers. The analysis of
intermediate and final states is given. Also reversible functions are directly deduced.

Let xiand x2 are 2 bits of two-bit number X and, y» and y2are of Y. Their multiplication Z can
be expressed by a direct multiplication table

X2 X

y2 oy
u2 Uz
V2 Vi

74 73 22 21
where z: are 4 bits of the result Z=XY. The calculations are done in the following way

ZU=X1y1  WUi=X2y1  Vi=X1y2 V2=X2y2

2= vi u2=uwv1 Z3=u2v2 Za=u2v2

Let G be a function describing forbidden bit states. With each step of the calculation G changes
to include the information of bit dependency. This can be expressed as

Gi+1—>Gilx"\F
where | is Or, " is Xor (with Or having lower priority than Xor), and x calculated through x = F .
For example, in ¢ = ab with initial Gothe function G becomesG = GolcNab.If Go=a i.e.

a =1, then G=Zlc/‘ab=alc"b,i.e. same as ¢ = b . If Go=a’b ie. a # b, then

G=a’blchab za"l_alc, 1.e. ¢ cannot be 1.

The function G of the final result of the computations can be expressed in only the resulting
bits. This means that the system forgets some bits during the computation. When forgetting the
bit a the function becomes

Gi+1— Gi(a=0)Gi(a=1)
which means that the bit could be either O or 1.

In the above equation the function Gi(a) has all the information about the bita . Hence a can be

expressed for example as a = Gi(a =1) which means that if G gives 0 after substitutiona =1,
then a is allowed to have value 0 and otherwise. Note that this calculation does require the
future values of bit, but does not require the previous values, i.e. it is suitable for reversible
computation.

The forward computation of multiplication of two-bit numbers is presented in the following
table.



0 XL, X2, Y1, Y2 Go=0 Go=0

1 Z1 = xlyl GOl:GOOIZlA(xl*yl) z1*Ix1lz1*yll!z1*x1*yl

2 Ui = nyl GOZ:GO“ulI\(xz*yl) il;!xllzl*!yllzl*ul*!xZIzl*!ul*x2l!zl*xl*ylI!zl*xl*ull!zl*!xl*!yl*ull!zl*!xl*yl*ul*!x2l!zl*!xl*yl*!ul
kX!

3 Vi = xlyz G03=G02|V1A(X1*y2) z1*Ix1lz1*lyllz] *u 1 *1x21z1* lu 1 #x21z1 #v 1 *1y21z1* v #y211z 1 #x ¥y Lz #x T Fulllz ] #x v y2 11z * v #y2]
lz1*Ix Tyl *ulllz]*Ix1#y L HvIizD*Ix DRyl #ul * X211z 1* IxD *yLFul#vliz] #Ix ]yl 1 #x211z1# 11 *y1*lul #v]

4 V2 =X2 y2 G04:G03|v2/\(x2*y2) z1*Ix1lz1*lyllz] *u 1 *1x21z1* lu 1 #x211z1 #x 1 ¥yl 1!z *x 1 *ullzl *ul #v1#1y2lz1 *ul #vI*v2lz] *ul* vl *y2lz] *ul *!

vIFV2ZI*lul #vI*y2 Iz * a1 #vE#v2lz] * lu T * v #y21z1 a1 vl #v211z] # XD Fly D Rulllz] #x T x2*v 1 #y2] 121 #x1*
X2EVIHFIV2UIZIEX TR X2¥ VI *Fy2 11z ¥ X1 #x2% IvEFv2I Iz #x T * IX2*v I #y21 1z #x T * X2 ¥ v I #v2] 1z 1 #x 1 *Ix2* vl *y21z]
FXPFIX2HIVIHFV2NZIH IX DRy a1 X201z 1 X DRy TRl #v T Z XDy PFu T Ex210z 4 X Ty lu T #v Tz Ix T #y 1+ tul
FV2NZIH XDy X2V LZTH XDy DR IX2 v IZ T XDy DR Ix28v 21z 4 I T Fy Rl Fy2% Iv2] Iz 1 # XDy TFul *ly2 %y
21z IX Ty *x2%y2 % Iv2[1Z2 1 I T HFly ] #x2%y2*v2

f G05=G04(x1=0)*G04(x1=1) z1¥lylizFu #1202z 21z y TFullzPfu 1 #v P y2 1z Pfu v D Iv2 Iz Fa v #y2lz a1 # v v2lz ] * v+
Orget X1 Iy2lz1*lul#vI*v2Iz1 #lul* vl *y2lz1 * lu 1 * IvI#v2l 1z ¥yl *ul #1211z #y] *ul #vIliz1 ¥yl #lu 1 #*x211z1 ¥yl #lu 1 #v1 1!
z1FylFlul#v20 1z Py Ful*y2# 211z Fy] #u 1 #y2#v211z 1 #ly L #x2#v 1 y21 1z 1 ly L #x2% v #Iv211z] # ly TFIX2 v ] #]
Y211z1 # 1y 1 *Ix2#v2l 1z #ly [ #x2* v #y2# Iv2| 1z *ly ] #x2*Iv] * 1y *v2

W

f G06=G05(x2=0)* GO5(x2=1) z1¥lyllzlyPrullzlFa v y2 1z Fu v P IV2 Iz ful * v y2(z P L IvEFv2Iz 1 la v T y21z 1 la v v 21z 1+
Orget X2 lul*IvI*y2lz * lu P IvEv2llz ¥y Fal #vizEFy T a1 Fvz Ry DR lu 2l iz y v y210z 1y T Ful#y2* v2l1z1
Fylful*ly2%v2llz] *lyl* vl *1y2+v2

G07=G06(y1=0)*G06(y1=1) | ZI*ul*vIzI*ul*vI* 2l ul VI V2L Ful # v TFy2 AU * v T2l *ul *vI Iz L a2z F T iv D
forget Y1 y y #y2lz TV Ev2lz ] Fu #y2% 211z #ul #1y2#v211z] #lu Ly T Ey21z 1 a1 T#1y2%v2

forget y2 G08=G07(y2=0)* GO7(y2=1) | 2I*lI=2llzl*ul*vIzl*ul *vI*I20zl ul ¥V I*v2

B A v G09=G08Iz2 (u17v1) lz*¥ul*vIlizI*ul #1221z *u v *Iv2Iz Fu T v #220z1 *ul ¥ IvE#v2Iz1 *ul v * 1221z # lu 1 Fv1#v2Iz 1 * lul #v1*1z2]
g2 =Ul 1 Z1*ul*IvI*v2lz] *lul* vl #2211z1 # lu L #vE*1z21z1* lu ] * vl *22

= (\O| 0 [ &

0 G102G09|u2/\(u1*vl) Izl*ul*vIilz*ul*!z21'z] *ul*u2lzl *u 1 #vI#Iv2Iz1 #ul #v1#z2lz] *u 1 #v1*u2lz] *ul* v #v2iz] *ul*lv1 #1z2|z1 *u
Uz =Uvi PRIvIPFu2lz*lul v Ev2Iz 1 # ul #v1# 122021 lu v T Fu2lz] # a1 # v v2lz] 1 v #2201z a1 # v #u2llz ] al *y
1¥12201z1* lu 1 *v Pu2llz 1 * a1 * v #2201z 1 * a1 * v #u2

11 _ A G11=G10|z3/‘(u2/‘v2) !zl*u1*}fllzl*ul*vl*!vZIz}*uI*Yl*z%lzl*ul*vlu l*ul*vlbv*ZSIFZVI*L}I*!vl*v l*ul*!vl*!zZI»zvl*uul*!vl’iu

3=U2"V2 2lz1*ul*v1#z3lz1 ¥ lu I¥vI#v2lzl *lu 1 #v1#1z20z1 *lu v #u2lz] # a1 #vI#z3 1z lu ¥ IvE*Fv2lz * la L # v #221z1 %)
ul*lvl*u2lzl *lu1*Iv1*z31z1 *ul #v2*!221!z1 *ul #v2*ullz 1 *ul *v2*!z3l!z1 *u 1 *!Iv2*1z2|1z1 *u 1 * Iv2*u2llz1 *ul*
Iv2#z3 1z #lu vl #v2* 12201z lu v EFv2*u2llzl #la 1 #vD#v2#1z31z 1 la 1FvD#Iv2# 1220121 % a1 #v T Iv2 #u2l izl *
lFvIEIV2*Z3 11z ¥ lu 1 # VD Fv2* 220z a1 v 2 #u2l iz # a1 v 2 1231z 1 a D IvD#Iv2 #2201z % lu 1+ v T+t
v2*u2llzl*ll*vl*1v2*z3

12 74 = U2V2 G12=G111z4"Nu2*v2) !zl*ul*}/llzl*ul*\il*!v2lz!*u1*\11*z2|zl*u1*v}*!uZIzl*ul*vl*zSIzl*;ul*vl*!z4l%1*l}{l*!vl*lezl*ul*!vl}fIz

2lz1*ul*vi*u2lzl*ul *Iv1#z31z1 *u 1 # vl #z4lz] #lu T *¥v1#v2Iz1 ¥ lu v #1220z * lu v #u2lz ¥l #v1#z31z1# lu ]
FvIFzAlz1* a1 *IvEHFv2Iz* lul * vl #2201z a1 * v Fu2lz 1 * a1 * vl #231z1 ¥ lu 1# vl #z41 z] Fu T2 * 1221121 Fu ] #v2*
u2llzl*ul*v2#!z31!1z1 *ul #v2*z4 1z *u 1 *Iv2*1z201z1 *u 1 Iv2 *u2l izl *u 1 #Iv2#Z311z1 #u 1 Iv2 #2411z ] # lu 1 v 1 Fv2 *
12201z lul*vIHFv2*u2llz] *lu 1 #v1*v2 Z1¥ ulHFv1Hv2¥z41z 1 lu 1 Fv ¥ Iv2 #1220 121 lu v *Iv2*u2l iz ] # fu ] *
VIFIV2HZ3 Nz v T Iv2 ¥ 240 1z F a1 v v 25220121 a DRIV v2%u2l iz la D Iv D2 #1231zl TF v #v2%z4]
Izl *IvEFIv2H 2201z 1 ¥ lu L * v Iv2 *u2l iz * lu DRIV #Iv2 #2311z ] Flu 1+ v *1v2 74

13 f t G13=G12(ul=0)*G12(ul=1) Z1¥IVIFV2lz1* IV Fu2lz] ¥ IvI*Z3 121 * v #241z 1 v V2% 22121 v #v2* Iz 1 #v1#v2# 23121 #v 1 #v2*Iz4lz] #v1#Iv2

Orge ui FZ2Mz1 v IV2*u2lz1 #v1#Iv2*Z31z1 #v1* V2 *Z4l 121 *v1 #v2* 12211z #v1 *#v2*u2llz 1 #v1 #v2*1Z3]lz] *v1*v2*z4|z]
FVIFIV2HIZ2MZ 1RV PR IV2Fu2Z 15V ¥ V2 *231 21 #v 1 Iv2 ¥ 741 214 v v 2 u2 1z * v #v2*1Z3 1121 * vD #v2 241121 )]
vI¥Iv2Hu2llz] *Ivl#Iv2 #2311z 1 # vl *Iv2*z4

14 f G14=G13(u2=0)*G13(u2=1) 21 IVIHV2Iz1* IV #2311 v #2411 #v 1 #v2 #2202 Fv 1 #v2 5231z 1 #v 1 #v2* [ Z4 1z 1 ¥y 1 #Iv2* 122121 #v1#Iv2* 23121 +v1*
Orget uz W2*Z4l1z1#v1#v2*1Z21 121 #v1Fv2* 1231121 ¥V #v2* 2411z 1 4 v * Iv2* (221121 *v I * Iv2 #2311z #v 1 * Iv2 *z4 1z * vl #v2
*1z311z1 *¥Iv1#v2*z411z1 # v * Iv2 #7231 121 # V] *Iv2 *74

G15=G14(V1=0)*G14(V1=1) z21%v2%721|z1%v2%z231z1 #v2* 124121 *|v2*Z3|z1* V2 #2411z 1 #v2*123|121 #v2*z4|!z1 *Iv2*Z3 121 * Iv2 *724

15 | forget vi

16 forget V2 G162G15(V2:0)*GIS(V2:1) 121%24121%22%231z1%22%24121%122%*73

The last step gives the G function expressed all in the result bits

Gis= 7124 z1(z31 z224)
which has 5 atomic steps in calculation (if written in the same manner). This value is the
measure of chaos of the given calculation process.

The interpretation of that measure can be given as following. Imagine a space defined by the
initial set of variables and a set of constrains. Constrains define the allowed states of the system.
And the function which describes all these states is G . This function is expressed in some
language and hence has some measurable effort required evaluating it. Next let the system
evolve in the way that other variables can be added increasing the space dimension, removed,
and constrains also can be changed. If the area of the allowable states smooth (has symmetries)
within the space, the representation of G should not be complex. But when the area become
wrinkled (less symmetric), the information to describe it increases. Hence the representation of
G becomes more complex and bigger. This is where the system becomes less descriptive —
chaotic.

If the function G is known at each step of the process, the process can be unwound back in time.
Let V2be a function depending on the final bit set. As it is said above, it is possible to obtain the
value of v2 expressed via the final bits:

Va=Gis(va=1)
Once V2is found one can continue up the steps with all the rest variables:




Vi=Gu(v2=V2,vi=1)

U:=Guis(v2=Vo,vi=Vi,u2=1)
and so on.

V2 | 1z1%23*1z41z1*122*123*%74

V1 | 121%22%124|z1%22%123%!z4121*122*123*74

U2 | z1*122*123%z4

Ul | z1*1z2*123%z4

Y2 | 'z11z2*123*1z4|122*123%z4

Y1 | z11z2%z411z2*1231122* 74

X2 | 1z1%23*1z41z1*122*123*%74

X1 | zllz2*!z4

The above arguments show that there is a simple direct algorithm for obtaining the reverse
computations and measuring chaos by finding the most compact representation for the

G function. Unfortunately this works easy enough only for simple models. If one increases, for
example, the number of bits of the multiplied numbers, the function G grows so large that it is
becomes impractical. I was able to do this up to 2 12-bit numbers. A possible way to avoid this
problem is to find a correspondence between symmetry of the calculation and G function. Then
the information about the symmetry can be applied to the representation of G making it smaller.

One interesting conclusion from this can be made about density of the space. If starting with a
set of variables without any constrain (G =0 ), the bidirectional process of adding (computing) a
new variable and immediately removing another (forgetting), would keep G equal to 0; thus,
making the process linearly reversible. [Bidirectional here is that number of initial states is equal
to a number of final states.] In practice it might be feasible just to keep a number of total
variables close to the initial having the function not exactly equal to O but keeping it enough
small. In particular one can claim that if such a multiplication algorithm can be found, then the
factorization problem is solved.



